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Technical Note No. GW 394

January, 1956

ROYAL ATRCRAFT ESTABLISHMENT, FARNBOROUGH

A 8tudy of Azimuth Guidance and Control
for the Vernier Stage of Blue Streak

by

R. H. Merson, B.A.
. ) and
J. M. Howl, BeA.

SUMMARY

A control system in azimuth based on a small swivelling Jjet is proposed
for the vernier stage of the medium range ballistic missile Blue Streak.
This control system is applicable to both inertia and radar guidance systems,
the measured error quantity being essentially the agimuth component of the
deviation of the missile flight path from the line joining missile and target.

The jet has to be sufficiently small to avoid a missile speed error at
cut-offe This leads to a relatively small availeble deflecting foroe in
azimuth and, to make full use of this, a system with a high loop gain and
limited error input is proposed, stabilization being obtalned with heading
and heading rate feedback. The input limits and gains are chosen so that,
in effect, the missile heading is limited within prescribed bounds.

The performance of the system has been studied on an analogue simulator
under asswnpbions of constant missile parameters and the usual small angle
approximations, It is shown that, with proper choice of control coefficients,
the system is very little warse than an ideal, infinitely stiff, system with
the same heading limitation.

The steady state error due to heading gyro wander is considered, and fox
the missile perameters used is thought to he tolerable,

The effects of the data sampling and computer time lag relevant to the
radar guidance system have been studied and it is shown that sampling perioda

and time lags up to sbout 1 mseoond have no material effeot on the control
system,
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1 Introduction

The controlled £light of the medium range ballistio missile, Blue
Streak, cen be divided into two propulsion steges. During the first or
main propulsion stege, the missile is boosted to a veloocity of aboub
18,000 ft/ses at a height of some 100 rn, miles. The overall noise in the
control system during this stage may be too large for (a) sufficiently
acourate azimuth control, and (b) sufficiently acowrate cut-off timing.
Provision is therefore being made for a seocond propulsion stage, the vernier
stage, using small auxiliary motors. During this stage the noise level will
be lower and the problems of removing the residual azimuth exrors and
effecting the correot "cut-off" are simplified.

Control of the missile throughout the propulsion stages is obtained
solely by swivelling the jets. During the main stage the control problem
is complicated by the rapidly varying conditions of speed, mass, and aero-
dynamic foroes on the missile. During the vernier stage, however, which is
virtuslly in vacuo, the aerodynamic forces are negligible and the variations
in speed and mass of the missile are very small., For this reason, the
problem of azimuth control during the vernler stage has been tackled first,
and this note deals with the design and simulator study of a suitable con-~
trol system.

As will be shown, this study is relevant to both inertia and radar
guidance systems, In the case of the radar system, further work is included
on the effect of computer lags and the intermittent nature of the error
signal.

2 Equations of motlion

In Fige1 Ox and Oy are taken as reference space axes in the azimith
plane. The axis of the missile makes an angle ¢ (heading angle) with Ox,
and the thrust, P, acting at a distance ¢ to the rear of the centre of
gravity, makes au angle & with the missile axis, The tangent to the
flight path makes an angle 1, with Ox and the target direotion makes
an angle Yp with Ox. Let m be the mass of the missile, B its laterasl
moment of inertia and v the magnitude of its velooity component in the
azimuth plane.

The equations of motion then are:~

¥ = P oos () (1)

iy = P sin () (2)
By = —-Pesiny (3)
X = voos y : (&)
y o= -vsiny . (5)

These oan be reduced by eliminating x and y» Differentiating
equations (4) and (5) and substituting for %, ¥, iu equations (1) and (2):=

m (¥ cos wm-—v:lfm sin y ) = P cos (}¥) ' (6)
m (v sin o+ vowm cos ¥ ) = P sin (W) (7
= l’. Lad
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whenoe v = -E cos (y+&-y,) o (8)
erd Kifm = = sin (Wiy) - (9)
and from equation (3), ]
§ = ~Zemyz. (10)

Equations (8) to (10) describe the motlon of the missile in response to a
given jet defleotion Z. However, they are unnecessarily compliczted for the
order of investigation initially required. The following assumptions are

* therefore made:—

(1) ¢ and (y-y,) are sufficiently sxﬁa_ll for sin g, sin (By) to
be replaced by &, (¥+&-y)

. P PY
(44) o and =g are constant.

Bivg
.

(From equation (8) and the small angle approximation,
= constant. )

% ¥, ' so that the

former assumption is equivalent to

dle

With these assumptions, the equations of motion reduce foi-

Y o= %;(wwm) - (1)

¥ o= -wi.z (42)

where T1 is measured in seconds and :wo is measured in radisns/second, and

[.‘_L...?_.
T,  my
1

[w02=_%{1.

For the present study the values Ty = 2000 secs, w, =1 rad/sec, were taken.

These could represent, for example, a missile with a thrust—to-mass ratio of
4g, a speed of 16,000 £t/sec, and a moment of inertia (taking B & ¥ me2)
corresponding to a uniform thin rod of half-length & = 24 ft. ‘

3 Guidance and control equationg

In the case of the inertia guidance system and one possible method of
radar guidance computation, the measured exror quantity is the line error, 4L,
at the target, assuming the missile were to continue along its present f£light
path (Pig.2). : : .

-5~
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Thus,

# R (yvp)

where R 4is the range to go.

Now R changes by perhaps 100 miles durirg the vernier stage, that is
to say by perhaps 3% of its vaelue at out—off. For the present purpose i% ocan
therefore be considered comstant, and VYp~yq .is proportional to the line
error AL

In the case of another proposed method of radar guidance computation,
the azimuth error is measured as the lateral velocity component perpendicular
to the desired velocity direction, that is to say, v sin (q&n-wmg)? But,
since v may be considered constant and sin (Yp—yp) * Yp—¥p, it follows
that 4y ~yp is again an adequate representaticn of the error measurement.

Thus the two methods of guidance in azimuth are identical; in the
inertia case, however, the estimation of the line error AL is possible
only if the missile is close to a predetermined trajectory, while in the
radar system there is no such restriction. )

In practice, the measured value of (y§ ~y5) will lag the true value,
either accidentally, because of instrument ags, or purposefully, to intro~
duoe smoothing.

Let \}ré be the output of the error measuring system, i.e. the guidance
system, and assume that this system has a linear lag with time sonstant T,.

The guidance equation then takes the form:-

1 dq{e
Vet o = W
. (13)

i

\]re, 84y e

In the case of a ground computer for measuring (Yr—jy) this is not a
realistic approach, but as already mentioned, the effect of finite time delays
is considered in a later section.

The proposed control equation, in general terms, is:-

o= ~KL,0) . ¥ +K211f+K ' (14)

in the usual notation.

Here ¥ and its derivative, are assumed to be measured by
heading and/or rate gyros in the missile. The bandwidth of the
motor-swivelling servos is assumed to extend beyond the hlgb.est frequencles
likely to be encountered in the missile behaviour. This is reasonable since
the system frequencies are relatively low.

A simple block diagram of the complete system is shown in Fige3, and a
rgpresentation of the linearized equations in Figel.

-6 ~
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4 Limit on missile heading angle

In this note the term "heading angle" is occasionally used in contexts
where it might be thought preferable to use the term directional error, the
latter term being defined, in this oontext, as (W—E). However, if it is
assumed. that the heading gyro datum is parallel to the target direction
(within a few degrees) then the heading angle, ¥, as measured by the gyro,is a
sufficiently good estimate of the directional error, (w—w). In a radar
guided system it is desireble to limit the directional error so that its magni-
tude does not exceed say 30°. However, in the simulation of such a system,
with yp = 0, 1t is the heading angle; y; which is limited, so that this is
the -situation treated in the analysis.

5 Preliminary analysis — the ideal system

The main object of the vernier stage (apart from cut-off adjustment) is to
eliminate azimuthal errors as quickly as possible, at the same time avoiding
large heading and jet angles, This means that the ocontrol system will be
highly non-linear, and a linear analysis is not sufficient.

Some insight into the problem may be obtained by considering a system
which we may call the ideal one. Let us suppose that § 1is limited in magni-
tude to the value ..« Then in order to obtein the best response to a step
in 4{p (which is equivalent to having an initial lateral velooity error), the
best that oen be done is to put on the maximum heading angle as rapidly as
possible in order to obtain the maximum lateral acceleration, hold this heading
until the lateral velocity is correct (i.es yg = 0), and then reduce the head~
ing rapidly to a small value. This is illustrated in Fig.5.

S:I.ncé ¥ starts ideally with a step, Z (proportional to ;F) is a
second~order &~function. The angular error, Yg, ideally decrguses linearly
to zero, for when ¥ = .y, %2=0, Y, << ¥ and therefore ¥, # 1/!['1 o Ymax

from equation (14); hence, from equation (13), since Yp is oconstent,

Vo # "o Yox = =i e * (15)

The rate of reduotion of error is thus approximately proportional to the
maximum permissible heading-to-flight path angle, and to the thrust-to-mass
ratio, :

It will be seen later that equation (15) is very nearly realised in
practice. ’ .

6  The control equation

In order to achieve a system which approaches the ideal one, we are led
to a control equation involving heading and rate of change of heading,
together with a very high lnop gain in the guidance loop and a limit on the
guldance input.

Thus: -
o= =KL 0) ¥l + Kb+ gy  (16a)
far  |1,(D) #;[ <A
and % = =1c1A+K2§y+_K5¢ (16v)

for  [r,(0) W >4
-7 -
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% (the demended jet angle) is the input to the jet servos; 1if it is
assumed that the achieved jet angle is limited by mechanical stops to I,
then )

¢ = g ror gl < g, | (172) |

and g = Ry tor  |g] > g . (17v)

neglecting the servo lags, as stated previously.

7 Preliminary choice of parameters

The stability' of the system must be considered in the ;swo separate cases
of settling to the maximum heading angle (the tnon-linear! settling), and the
final linear settling,.

Considering the settling to the maximum héading angle » when the jet
deflection is off the limits but [f,(D) w;] > A, we have

._—'% = FKA + K+ Ky (18)
Yo
which is a linear differential equation in §, with the steady state heading
X,A 1 .

angle, \]rs = t,ij—— s, undamped angular frequency W = LA sz, and damping

. 2Kowo
ratio, wua—=r»

sz

Now we require a steady state = and a damping ratio of 0.8,
s max
say, which gives the relations:-—

K1A
5 - - (19)
€ x.Z
1e6 K
e s Alts o - (20)
[o] Wo

Consider now the final stage, taking Y, () = 1.
The equations are

W = {; (#ri)
Vo= - . Lo (21)
and & = K (i) ¥ Ky s J

Eliminating & and ¥, ©ne obtains
-8~
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I:(D+-—->(D +w2'KD+sz)+—(w —D)Ji{ = KW <D+ >¢T’

v

where D = —

The stability polynomial is thus a cubici—

X K w w KW
2 2
p3+<wo%<2+ﬁ1—~—-1->p +<2° +K3w°>p+<-l-(-%—°-+ }9>-
1 1 Ty 1 1
sz
Since K; »> 1, T, >> 1, the temms —Lpz, 20 Py and —-éi-, can
1 1 T1 T1 T1

be neglected for the present purpose, leaving the simpler form:e—
2

K » - K, w | :

3 2 1\ .2 2 10 .

P” 4+ <wo K, u——T1> P+ Kgw p T, . (22)
2
. . s . W 1e6W 4. .
Pinally, making the substitutions K3 =7, K2 == (i.e. taking the
W ,
o o

damping ratio of the non-linear settling to be 0.8, as above), the stability
cubic becomes .

2
X K,w

P 4+ <16 1>pz+w2p+ .1,° . (23)
2 1

This cubic can be written in the form:~—

(2% + 2ap + B) (@ + ¥)

and the roots were first investigated for the case W, = 1 rad/sec, w = 1 rad/
sec, 1‘1 = 2000 secs and various values of K,,; the results are shown in
Pigs., 6 and 7.

It will be seen that the decay times of the two modes are equa,l when

K‘1 = 540. In this case the damping ratio of the oscillatory mode is about
0.58, which is satisfactory.

The value of w was chosen to be equal to w, in this analysis, which
is equivalent to an initinl demand for Jjet angle from the guidance system just
equal to the limiting value, ¥%;. The effect of varying the natural frequenoy,
w, of the autopilot loop is considered in section 11.

8 The simulator arrangement

Initially a laboratory—built simulator was used, but at a later stage the
work was transferred to a G-PAC simulator. The equations set up on the simu~
lator were equations (11), (412), (13), (16) and (17), the shaping network in
equation (16) being a simple phase advance:-

« 9 -
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1+ pTA
Y—](P) = 1 + aPTA e

A block schematic of the simulator arrangement is shown in Fig.8.

It was soon found that, contrary to normal experience, the presence of
phase advance had a destabilizing effect on the system for the values of gain
used. The phase advance network was therefore by-passed and with the para—
meter values

LANE N rad/sec; T‘l = 2000 sec; T, = & sec;
Ky = 1 K, = 1.6; K, = 550 K_‘Aa%

the simulator records shown in Figs9 were cbtained in response to an initial
step in yp of magnitude 0,003 rad.

These results confirm the rough paper analysis given sbove, and show that
the system can be satisfactorily damped.

Purther records, all in response to a 0,003 rad stsp in Vp, showing the
effect of different initial condltmons, are given in Fige10. The control para~
meters have the same values as given above.

In Apperdix I the system is considered from the frequency response point
of view, and an analysis of the effect of phase advence is given.

9 The time taken to reduce an dnitial error

In the ideal system (section 4 and Fig.5) an initial flight path érror
is reduced linearly with time, and from equation (15) it is seen that the
time required to reduce to zero an initial error, 1}: ) 18

lwl

‘*max

. (24)

in practice with, Ty = 2000 secs and using the "optimum" damping arrange--
ment as sbove, it wes found from the simulator work that the time requ.ired is
about 4 seos more than that given by equation (24).

The simulator results are compared with those for the ideal system in
Fig.11.

10 Steady state errors

The use of heading angle feedback in the J.nner Joop means that steady
state errors can occur due to (i) changes in the target direction, and
(ii) gyro drift.

Let ¢' be the measured value of § which replaces V{ in equations
%1 63 and let zp ¥ = Ay, the gyro drift angle. Then from equations (11),
(15) and (16), using the suffix s %o demote steady state oonditions,

4 =0

*s.::%s _'
*Ts"*mslﬂwss’*es .
~ K Ve + K5¥,

of ¢
1
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It follows that the steady state flight path error is
55
‘I,SS = K1+K.3 (%S + A‘l{s) . (25)

Thus if the gyro axis is along the assumed sight-line at launch, pgq
represents the ohange in the sight-line during the controlled flight and Ay,
represents the steady gyro drift. In theory a ocorreotion could be made for the
first part of the error, but in practice the change in the sight~line is likely
to be, at most, a few minutes of arc, whereas the gyro error may be a few
degrees,

Also, K,‘ >> K3 and so, approximately,

From Fige2, the line error due to this is

AL & Ry % "C%Q)R . by, (26)

where R is the range from cut-off to impact.

For example, :x_f.‘ Kz = Ky = 500, R = 2000 n. miles, then a gyro drift
of 7° would cause a line error, AL, of about % n. mile,

The factor will be called the DRIFT FACTCR.,

e ¥

41 The immer loop gain

In the work described so far the inner loop gain, K3, has been arbitrarily
fixed so ‘that w, the natural angular frequency of the autopilot loop, was
equal to w,e The effeot of varymg Kz can be studied by considering the
stebility cublc equation (23) again. we agsume, as in seotion 7, that a
suitable ariterion for the choice of Ky is equal distribution of the total
damping between the two modes, i.es a = Y, this leads to a determinate value
of K.,. The equations to be solved are

3“ = 10 6W - —
&
B+ 265 = W he (27)
Ba = % L] w°2 -

These have been solved for various values of W, with W, = 1 rad/sec
and Ty = 2000 seos, the results being shown in Figs. 12, 13 and 14

It will be seen that the available damping is virtually independent of w,
but that, as w is inoreased, the gain K1 and the angular frequency, Y8,
of the quadratioc mode inarease, but the damping ratio, -} decreases. The

drift faotor improves as w inareases,
1] -
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The effeot of increased inner loop gain on the overall system was
studied on the simulator, and a simulator record is shown in Fige.15 for the
case Kz =3, Kp = 3 1,\,6, K =2, 800, It will bs seen that there is no
improvemen’a on the previous reoords s so that the only advantage of a higher
gain appears to be some improvement in the drift faotor. A disadvantage of
a high gain which has not yet been studied in detail is the effeot of natural
vibrations cf the missile on the measuremént of ¥ and 1lr.

12 Intermittent guldance

In the case of the radar guidence system, the guidanoce infocmetion is
not availeble continuously but only at specified intervals of time. Thse
information may also be late to the extent of one time interval unless
special prediction computation is doné by the ground computer. The effect of
this sampling and +time delay has been studied theoretically and on the simu~
lator, and details are given in Appendices IL, IIL and IV. In this part of
the study the Jch:c'us1-,~1:c>--mass ratio of the m:_ssile during the vernier stage
was assumed to be 3z rather than g, the former being a more recent estimate

of a realistic value for -11%,. The main conclusion is that the proposed

control system is satisfactory if the sempling interval and time delay are
less then about {1 sec, This appears to be well within ocurrent estimates of
the computer time delay.

13 Results and conclusions

(L) It has been shown by simulator work and paper analysis that a simple
control system involving heading and heading rate feedback, and with Limits
on the azimuth angular error inpub, can be used for the control in azimuth
during the vernier stage. 4 relatively high gain system is reccmmended in
order to mske full use of the available correcting thrust.

(1) @ K, K3, K, are the coeffiocients of flight path error g,
heeding angle v, and heading rate qr, respeot:.velly, the recommended values
are Ky = 0,27 Ty rads/rad, Ky = 1+6/w, reds/red/sec, K; = 1 rad/rad, where

T1 - missile mozxentum (m .secs)
agssumed
oonstant .

W 2 thrust x moment arm

. -2
o T “mcmen® of Inevhis (10 560 )

(ii1) With the above control coeffioients the time taken to reduce to
zero an initial error, vy, in the flight path is

q’s‘l

Tt (6t)

t %
where ... 1s the maximum allowable heading angle and &t is epproximately
L secs when Ty = 2000 secs (see Fig.11).

(iv) The use of the heading term in the contkrol equation leads to steady
state flight path errors, and hence to a resultant line exror, due to gyro

drift. The resultant line error, 4L, due to a gyro drift of Ay, is
given by

& (%—)R. by,

- A2
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where R is the range from out—off to impact.

Thus if Ty = 2000 secs and R = 2000 n. miles, a gywo drift of 7°
cauges a line error of sbout % n. mile, o

(v) From (ii), (iii) and (iv), it is seen that if the thrust-to-mass
ratio is reduced, the time to correct an initisl error will be longer, but the
line error due to gyro drift will be less. ’

(vl) The effect of sampling the flight path error at intervels of « secs
and the effect of a finite delay, «, in the correcting signal, have been
studied for the case T4 = LOOO seos, Wy = % rad/sec (corresponding to the
latest estimate of thrust-to-mass ratio of &/8, as mentioned in seotion 42).
Provided the gain K{ is slightly reduced below the value given by (ii) above,
the sampling axd time dslay have virtually nmo effect up to % = 1 seo.

14  Purther work

(1) It is proposed to extend the investigation of azimuth control to the
madn stege, where the variation of mess, speed, etc. cannot be
neglected.

(i1) The effeot of (a) flexural oscillations and (b) fuel sloshing on the
control system will have to be studled.

(ii1) Work is to be done on the effects on the control system of various
kinds of "noise", and an the date smoothing required to minimise suoch
effects, oo - .
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APPENDTX I

Frequency response analysis

Taking the Laplace transforms of equations (11), (12), ‘(13) and (14),

Y, = -—;1 F+2-9) 3
D Ow
= -wg
S \ (28)

—
.
+

%

<1

l‘;e"
I

-]

LAy
I

- XY, (R) + (Bop + K5)¥ :

Eliminating ¥ from the first two equations

2~w 2
P o

=

ooty

p*(147)

Henoce, substituting for Z, ¥ in terms of i?m and for ?e in terms

of i‘fe in the final equAtion the open-loop transfer function is obtained,
namsly

- K1Y1 (P)(PZ"'WOZ) (29)
(44T op)(1+T1 p) (p2+wozl(2p+w 021{3)

W-Gé-lla-ﬁ—l

= YL(P)J Bay,
With the figures given in the text, namely
wo=1, Ty = 2000, To=%, K, = 1.6, Ky =1, K =550

and with no phase advance, i.e, Y1(p) =1, this gives

1 (o) o 550 (4-p%) .
L(p) (1+%P)(1+2000p)(p2+1 o6ptl)

The gain- and phase~log frequency curves for Yr(jw) have been computed
and are shown in Fig.16. :

From these ourves, it is seen that there is a phase mergin of sbout 60°,
which is ample for stability purposes,

In order to determine the effect of phase advance on the system, the
characteristioc polynomial was studied.

-4l -
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The characteristio polynomial is the denominator in the closed~loop

YL(P)

transfer function m o
L

Putting
Y1(P) = 1+ TAP »
in equation (29), the characteristic polynomial is found to be

Apt + Bp® + Cp” + Dp + B
whexre

A = T0T1

‘1‘0 + T‘l + w621{2T°T1 - K1TA
14 WOZK?_(T °+T,1) + W02K3T0T1 ~ Ky
. 2
: W02K2 A 5('13 o+ﬂ.‘1£) + KyTywy

2
WO (K.3+K.1) .

bd.
!

Q
1

o
u

=
n

The Routh~Hurwitz stebility ariterion demands that, for stabilify
B > 0
BC-DA > O

and (BC-DA) DBE > O,

With the values for wy, Ty, T,, Kp, Kz given sbove the first condition
becomes K4T) < 2800, Thus, for a given Ky, a suffioient increase in the
phase advanoe time oonstant causes instebility.

For = 1000, +the stebility condition is found to be T, < 2.0. This
A

system was tested on the similator and was found to go unsteble at about
Ty = 4¢3, This discrepancy is due to the phase advance impurity whioh was not
included in the ebove analysis,

~15 -
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APPENDIX 1T

Intermittent guidance data

II.1 Introduction

It has been shown that a suitable azimuth control system can be designed
for the vernier stage, provided that the guidance information is available
continuously, i.e. regarding the overall system as a continuous servo. In
the radio system, however, the guidance signal is computed on the ground by a
digital computer from data provided by a doppler-radar systems. This means
that the guidance signal is not a continuous function of time but may toke
only those values appropriate to sach new set of input data to the computer.
Suppose that theré is an interval « Dbetween each new input to the computer;
then guidance signals are available at a frequency of 1/t and the error
quantity may only be measured once in « secs. This fact means that the
system becomes, in effect, a sampling servo, and there is no guarantee that
the suggested ocontrol system will be satisfactory in these circumstances.

A second effect which arises from the use of a digital computer is the
delay introduced between measurement of the data and transmission of the
appropriate signal to the missile; in effect the information is late by the
amount of time taken to perform the computation. The effect of this delay
has been examined both on the simulator and in theory.

IT.2 Intermittent data — no delay

In the first instance, the effect on the missile performance of sampling
the information was studied, on the assumption that the delay due to computa~-
tion is negligible. It is probable that the data rate available from the
computer will not be lower than 1 per second, and not higher than 5 per
second, so that the simulator investigation consisted of examining the missile
behaviour as the sampling period, 7, varied between 1/,‘5 and 1. It is neces-
sary to maintain the loop closed between sampling instants by clamping the
guidance signal to the value it had at the previous sampling instant. Thus
if Yo(t) is the output of the clemp and ¥.(t) is the guidance signsl,

Vo(t) = v (uv) (n = 0,1,2¢004)
for nt<t<(n+l)e.

The simulation with intermittent data has been done for a thrust~to-mass
ratio of g, rather then the 3g used hitherto in this note, in line with more
recent thoughts on the vernier stage. As is to be expeoted, after the inner
loop has been appropriatvely adjusted, the lower available control acceleration
roughly doubles the time taken to correct an initial error. Thus, when the
error information is continuous, the time taken to correct a flight-path error
of 3 mils is approximately 30 secs rather than 16 secs as obtained previously.

The same simulator arrangement was used as in the continuous case, but
the loop was broken at X (Fig.8) and the sampling device inserted, The
method used for simulation of the "sampling and olamping" is as described
in Ref. 1; further details are given in Appendix IV. With the para«
meters chosen to give satiafactery performance in the continuous system,
the missile response to a 3 mil step in yp was examined for « = 1/5,

T = % and ¢ = 1. It was found that the intermittent nature of
the data tends to destabilize the system slightly, but even when «
is as large as 1 sec, the destabilizing effect is small, This has

- 16 -
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been confirmed by paper analysis using the pulse transfer fumt:.on1 which

shows that instability is delayed until v is greater than sbout 16 seconds
(Appendix III).

II.3 Intermittent data with delay

The above simulation does not take account of the delay arising in the

‘digital computer due to the finite time required for computation, and the sima-

lator was therefore modified to include a delay of length %, where 1/t is
the sampling i‘requency The method employed is desaribed in deteil in
Appendn.x v. ) '

As is to be expected, the computing deley reduces the stability of the
systems For « = {1 sec +the system is markedly oscillatory but still stebls;
in Appendix IIT it is shown theoretically that instability ocours when « is
greater than about 7 seos.

In an attempt to rega:m the well-damped behaviour shown in the ocase of
continuous data, the gain oonstant, Ky, was varied. It was found that for each
sampling frequenoy, 1/%, it is possible to choose an "optimm" value for Ky,
~ the word "optmnxn" being used to mean that for ap initial step in Yp the

. time of settling is a minimum < and that the value of the "optimm" X; for a

given < is very nearly proportionsl to. « (F:Lg 17) Thus it appears that,
provided a suitable loop gain is chosen, the performance of the suggested con—
trol system is only slightly degraded when the error information is sampled and
delayed. Simulator records of responses to a 3 mil step in §p are given in

~ Figs. 18, 19.
. IT.4 Conolusions

1. Although sampling of the error data reduces the stability of the system,
this reduotion is very small for samp]ing periods of up to 1 sec.

2. The effect of a one period delay, f, in the main feedback loop is to
further reduce the stability; this effectis small for « ¢ 7 sec, but
becomes marked at « = 1 sec.

3+ The instebility caused by the introduction of the delay con be compen-—
sated for, to a large extent, by reducing the loop gain, and the necessary
reduction in loop gain is appraximately proportional to the sampling
period, i.e. to the delay.

4 The system suggested for azimuth control during the vernier stage is
satisfactory even if the error data is sampled at a frequency of 1/%
samples/sec and delayed by < secs, provided that % is not more than
about 1 second.

-17 -
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APPENDIX ITI

Pulse transform anslysis of system with intermittent data

(1) No delay

Following the method of Ref.1 we can split up the forward path of the
loop intc two filters, such that information passes from the first to the
second filter only in samples.

We split up the clamp plus missile system into two components, the
first filter representing an imaginary sampling device, and the second having
the Laplace transform p~ Yy(p), where Yy(p) is given by equation (29}.
[The justification for this step is given in the first appendix of ref.1.

Then

2 2
I (e) = Kﬂ; . zp ) 7
(1+T1P>(P RN K2P+WQ _7,)
and so B )
K (w 2p?)
p™ 1(p) 1% 72

p(1+14p)( p2+Wo2‘1(2p+wc>21<§3 )

*

0.09375 — 0,1875p>
Pt + 1.120p° + 0550032 + 0,000125p

This has the weighting function:-

we) = &7 v (e)]

4
W(t) = 750[1 - 0,99 & 00

+ 0058% (0,146 cos 0,42t — 0,316 sin o.z,zt)] .

Thus, the weighting sequence is:=

b

W(nt) = 750 |:1 - 0.99 e 4000

+ €050 (0,146 cos 0u42nw ~ 0,316 sin O.Mnr)] .

Now let the pulse transfer funotions of the two filters be U(z) ‘and
V(z) respectively, so that the total loop transfer funotion, W(z), is
given by .

-~ 18 ~
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Wz) = U(z) . V(z) .

Then
-t
S en 7, H00O\n
Te) = B0 ) & 750 )
n=0 ‘n=0

+ n

z

i {:6—0'56:“:(0.416 008 Oel2nT ~ 00346 sin Owl2uw ] .

. n=o

Pefi'orming the summations, we obtain:—

21 ze-1

V(z) = 1002 _I5 ez

. 0u446(28)> = 2B(0.416C + 0u3168)
(28)° ~ 2200 + 1

where

T
s 600

a = e

o0 56%

C = o008 Oufl¢

S = Sin olllz" .

Then W(z) = U(a) . V(=)

= (1-—2“1) o V(z) .

So

2 'al
W(z) = 15.2‘%111 + (z-1) {0.4169 2 = B(0U160 + 0.5163)] .
(2B)" ~ 2280 + 1

Now for stability of the closed-loop system, all the roots of the
characteristic equation of the overell transfer function must lie inside the
wit circle (Ref,1 - Appendix I).

Wiz

The characteristio equation for the overall tranafer function, TaW (%) ?

is:w

- 19 -
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zB(aB2 + O-Mﬁz)
+ 22 (g% ~ 2000 + 750(e1)p% ~ Ok (14a) — aB(0.416C + 0.3168))
+ 5(a + 200 = 750(a1) 260 + Ok + (1) B(0LM60 + 0.3165))

+ (750(a1) = 1 = B(0.116C + 0,3163)) = 0.

It is easily shown that to determine whether the roots of this equation
lle inside the unit circle it is only neoessary to trensform the interior of
the unit circle in the z-plane intc the left half of the p-plane, using the
transformation (for example):= _
z+1
» - (3)-

Then the Routh-Hurwitz criterion for roots in the left half plane can be
applied to the txfansfomed equationa

As an approximation we set « =1, except in texrms containing 750(a-1);
then the oocefficients of the transformed equation become:-

750(a4) [p* ~ 208 + 1]

o
n

[2 + 750(.;4)]32 ~ [4C - 1500(a-1)C]8 + [2 ~ 2250(a~1)]

-
1t

(5.6 ~ 750(a=1)]8% ~ [by ~ 1500(a~i)C1B ~ [4 ~ 2250(a=1)]

S~
i

W
i

[3.6 ~ 750(e1)16° + [B(¥+C) = 1500(a4)1 + [2 = 750(a=1)]

where ¥ = 0'41& + 0.31680

Substitution of trial values for <« leads to the condition for stability
that:-

% ¢ ~ 16 secs for stability.

(ii) Delay in forward path

It can be showm that when there is a delsy of m periods in the error
path, the overall pulse transform becomes

z ™, W(z)

ol=) 1+, W) )

Thus for a delay of one period, the characteristic equation becomes
z+Wz) = 0

and again the roots must lie within the unit cirole for stability.

- 20 =
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In detail, the equation becomes:-
zl"[aaz] + 2 [---ﬁ2 ~ 2¢f0 + O.4a62]
+ 2 [a+ 200 + 750(1~a)F ~ OubfZ(1+a) = aB(O.4160 + 0,3163)]
¢z [=1~750(a1) 260 + OkB® + (1+2)B (0.4163 + 0.3168)]

+ [750(a~1) ~ B(0s416C + 0.3163)] = 0.

Evaluation of the coefficients of the corresponding transformed equation,
and substitution of triel values of 4 leads to the conditiom:-

v < ~ 7 Beos for stability.

t

-2 -
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APPENDIX IV

Simalator details

Iv.t Gene I‘ﬂ @

Most of the simlstion was performed on a single~cabinet G-PAC computer,
consisting of 20 drift-~corrected D.C. amplifiers and built-in power supplies.
The computing networks are mounted on plates which plug in to the amplifiers,
so that computing impedances are readlly changed if neoessary. Interconnec-
tions are made from the fronts of the computing plates and signal bus-bars
are available at the side of the vabinet, as are the computing voltages
(£ 100V) and step voltages (% 100 V). Facilities are available for intro-
ducing initial conditions onto the emplifiers when used as integrators.

IV.2 The sampling device

The simulation of the sampling device is basiocally that used in Ref.1.
An asymmetric multivibrator drives a high speed relsy whose moving oontact
carries the error signal (Fig,20); for most of the multivibrator period (the
"gpace") the moving arm makes with an isolated fixed contaot, but during the
relatively short "mark" period contact is made with the other fixed contact
which is connected via a small resistor to the storage capacitor (clamp).
(The purpose of the small resistor is to ensure that the cathode follower of
the previous amplifier is not called upon to supply too much current).

Since the relay makes contact for a finite time ~ approximately the
"mark" period of the multivibrator - the arrangement is not a true sampling
device, i.es its output is not in the form of &functions. However, provided
that the mark-space ratio of the multivibrator is less than, say, 0.05, a
good approximation to a sampling devioe is obtained.

IV.3 The delay mechanism l

The production of a delay equal to one sampling period is obtained by
using an exteusion of the sampling simulator previously described. An
asymmetrio multivibrator drives a Type 3000 heavy-duty relay; during the
short "mark" period this relay closes a circuit putting 24V on the coil of a
standard four-bank double~arm uniseléotor. The input voltage (error signal)
is oonnected to the first wiper and the output lead is comneoted to the
second wiper; a storage capacitor is conmected (through a small resistor)
to the first contact of bank 1 and the output of this condenser is taken %o
the third contact of bank 2; similerly a second storage condenser is con—
nected between contact 2 of bank 1 and contact 4 of bank 2, and so on. In
this cese five storage condensers were used, and every fifth contact on each
bank was commoned, The mode of operation is as follows. Suppose that all
the capacitors have no charge on them and that at t = O the wipers are on
contact 1; then at t = « ‘the wipers move on to contact 2 and the erroxr
signal is applied to contact 2, bank 1. The output (i.e. the voltage on
contact 2, bank 2) is zero, since this is the voltage on the capacitor whose
input is contact 50, bank 1 (s contact 5, bank 1). Now at % = 2¢ the
wipers move on to contact 3 and the voltage left on contact 2, bank 1, is
that appropriate to the error signal at t = 2¢ and not t = 4. The
voltage picked off ocomtact 3, bank 2, is the output of the ocapacitor whose
input is contact 1, bank 4; d.e. the output at ¥ = 2¢ is the error voltage
appropriate to t = 1« Then at t = 3¢ the wipers move to oontact 4 and
in this case the output wiper picks off the voltage frem the capacitor whose
input is contact 2, bank 1. This voltege is that ocorresponding to the error
at t =27 (see above) and so a delay between input and output, of length
%, 1s obtained. ‘ )

- 22 =
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In final form, the sampling unit and delaying.unit are combined into one
unit, and a switoching arrengement is provided so that the ocutput of the unii
may be sampled but not delayed, or sampled and delayed by one sample period.

- 23 -
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